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Abstract: 
Vehicle velocity and side-slip angle are important vehicle states for the electronic 
stability program (ESP) and traction control system (TCS) in vehicle safety control 
system and for the control allocation method of electric vehicles with in-wheel motors. 
This paper proposes an innovative side-slip angle estimator based on the non-linear 
Dugoff tyre model and non-singular terminal sliding mode observer (NS-TSMO). The 
proposed estimation method based on the non-linear tyre model, can accurately present 
the tyre’s non-linear characteristics and can show advantages over estimation methods 
based on the linear tyre model. The utilised Dugoff tyre model has a relatively simple 
structure with few parameters, and the proposed non-linear observer can be applied in 
various vehicle tyres and various road conditions. Precise determination of the Dugoff 
tyre model parameters is not required and the proposed observer can still perform good 
estimation results even though tyre parameters and the tyre-road friction coefficient are 
not accurate. The proposed NS-TSMO observer can achieve fast convergence rate and 
better estimation performance than the traditional SMO observer. At the end of this 
paper, simulations in various conditions are presented to validate the proposed non-
linear estimator.       
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I. INTRODUCTION 
 
Nowadays, due to the increased population and traffic congestion in modern cities, 
traffic accidents have become the major issue for on-road vehicles. The electronic 
stability program (ESP) and traction control system (TCS) in the vehicle safety control 
system can significantly improve road safety and reduce road accidents [1]. The active 
front wheel steering (AFS) and direct yaw moment control (DYC) are integrated 
together to achieve a human-machine-cooperative-driving control (HMCDC) [2]. These 
control systems, however, usually require the measurement of longitudinal velocity, 
lateral velocity and yaw rate. In general conditions, yaw rate is measurable but 
obtaining the accurate vehicle velocities is a challenging task due to cost and reliability. 
In order to successfully estimate the vehicle velocities, various model-based estimation 
methods based on vehicle dynamics model are proposed in the literature [3] [4] [5]. 
Electrified vehicles have attracted wide attention due to their usage of clean energy, fast 
and accurate system responses and various easy-to-implement dynamic controllers and 
trajectory controllers. Especially for electric vehicles with in-wheel motors, the over-
actuated control allocation method is applied to control the vehicle dynamics such as 
handling and stability [6] [7]. The most important vehicle state value to determine the 
stability of the vehicle is the vehicle body side-slip angle, so the feedback information 
of actual side-slip angle is critical for the stability control system. Thus, the estimation 
of side-slip angle plays an important role for the stability control of electrified vehicles 
or particularly electric vehicles with in-wheel motors. 
The estimation of vehicle velocities is closely related to the estimation of body side-slip 
angle, since the body side-slip angle 𝛽 can be calculated by the following equation: 
𝛽 = tan−1 (
𝑣𝑦
𝑣𝑥
)                                                             (1) 
where 𝑣𝑥 is the vehicle longitudinal velocity and 𝑣𝑦 is the vehicle lateral velocity. Thus, 
the velocity estimation sometimes is presented as the body side-slip angle estimation in 
the literature.  
Various vehicle velocity (body side-slip angle) estimation methods exist in the 
literature, such as the Kalman filter method, sliding mode method, and intelligent 
algorithm method. Kalman filter based estimation method is a widely applied velocity 
estimation method. A side-slip angle observer which combined the direct integration 
method with the Kalman filter was proposed in [5]. Some studies applied the Extended 
Kalman filter (EKF) method to estimate the vehicle velocity and friction forces [8] [9] 
and an EKF-like observer was also presented in [10] to estimate the side-slip angle. In 
[11], a novel EKF estimation method for the side-slip angle and roll angle estimation is 
proposed. This EKF estimation method includes a fusion algorithm which introduces 
the direct integration of the measured side-slip angle rate to compensate the side-slip 
angle estimated by EKF and improve the estimation performance. The EKF method can 
deal with the non-linear characteristic of dynamics model by using Taylor expansion 
approximation and is advantageous to tackle the process noise and measurement noise 
with Gauss distribution. Some studies proposed some modified EKFs to improve the 
estimation performance when tyre or vehicle parameters are inaccurate, such as the 
adaptive EKF [12], variable structure EKF [3] and identifying EFK [13]. An innovative 
adaptive square-root cubature Kalman filter (ASCKF) based estimator is proposed in 
[14] and the integral correction fusion algorithm is proposed to compensate the 
estimation error caused by the unknown coloured sensor noise. On the other hand, 
sliding mode technique is also widely utilised to design the vehicle velocity estimator. 
A robust 𝐻∞ sliding mode observer (SMO) was designed to estimate the vehicle body 
side-slip angle subject to the exogenous disturbances, unknown inputs and uncertain 
measurements [15]. Zhang and Wang also designed a finite-frequency mixed 𝐻−/𝐻∞ 
gain-scheduling observer in [16]. Stèphant designed a SMO to estimate the body side-
slip angle [17]. In this study, the linear tyre friction force model is used, but the linear 
tyre model is not accurate enough to present the non-linear tyre friction characteristics. 
Zhao et al. utilised the non-linear Dugoff tyre model and comprehensive vehicle 
dynamics model as the plant to accurately present the vehicle motion and provide the 
measurement information of accelerations and yaw rate, but the proposed observer is 
still simple linear observer [18]. For the intelligent algorithm method, Huang proposed 
the neural network algorithm [19] and Shi applied the fuzzy logic method to estimate 
side-slip angle [20]. For the other methods, Zhang et al. utilised the real experimental 
electric vehicle to collect the measurement signals, such as velocity and yaw rate, and to 
identify important parameters of the vehicle lateral dynamics model [21]. Then based on 
this lateral dynamics model, a model-based state observer is proposed by finite-
frequency 𝐻∞ approach. This study uses experimental data to identify the parameters of 
lateral tyre friction model, but the accuracy of the identified parameters is questionable 
if the vehicle tyre property or the vehicle moving condition is changing.  
In the above discussed literature, the linear model-based observer for the vehicle state 
and side-slip angle estimation is widely used, while there is less application of the non-
linear tyre model into the side-slip angle observer. Furthermore, the side-slip angle 
estimation method based on sliding mode technique is more reliable than EKF method 
and intelligent algorithm method.  
In the current literature, the non-linear tyre friction model can be classified as the 
empirical tyre model and physical tyre model. A widely used empirical tyre model is 
Magic formula tyre model, which is easy to implement due to its simple structure and 
fewer parameters. However, the tyre parameters strongly rely on the curve-fitting results 
of experimental tyre data and may not be accurate if the tyre data is changed [22]. On 
the other hand, two typical physical tyre models are LuGre tyre model proposed by 
Deur et al. [23] and brush tyre model proposed in [24]. Physical tyre models can 
accurately present the tyre physical properties without relying on the curve-fitting 
results of the tyre force data, but the major disadvantage of this kind of tyre model is its 
complex structure including too many tyre physical parameters, which makes it hard to 
implement. Dugoff tyre model, a simpler tyre model dating back to 1970 [25], is a semi-
empirical non-linear tyre model and can present the physical property of the tyre using a 
few parameters, such as longitudinal (lateral) tyre cornering stiffness, vertical load and 
friction coefficient. The Dugoff tyre model is advantageous because of its simplified 
structure and ease of implementation. More importantly, this tyre model can be used to 
present various vehicle tyres under various road conditions by simply adjusting the 
cornering stiffness and tyre-road friction coefficient. Therefore, the Dugoff tyre model 
has been widely applied to present non-linear tyre characteristics [26] [18] [27] [28]. In 
the current literature, the non-linear Magic formula tyre model and non-linear Fiala tyre 
model (similar to brush tyre model) have been widely applied for the side-slip angle 
estimation. Ma et al. applied the non-linear Magic formula tyre model to design the 
EKF for the side-slip angle estimation [29]. Li and Zhang presented a new hybrid 
Kalman filter to estimate the vehicle side-slip angle based on the 3 DOF vehicle 
dynamics model combined with the non-linear Magic formula tyre model [30]. Hsu et 
al. utilised the pneumatic trail information in steering torque based on non-linear Fiala 
tyre model to identify a vehicle's lateral handling limits and side-slip angle [31] [32]. 
However, the application of non-linear Dugoff tyre model into vehicle side-slip angle 
estimation has received less attention. Although the non-linear Dugoff-based vehicle 
dynamics model was utilised to obtain the measured feedback vehicle states in [18], the 
observer proposed was still a linear observer. In [33], a simplified Dugoff tyre model 
which neglected the tyre longitudinal slip was applied to design an EKF side-slip angle 
estimator, but the simplified Dugoff tyre model could not fully present the tyre’s non-
linear characteristics.  
The sliding mode method has been widely applied for the estimation and dynamic 
control of the vehicle system. However, the conventional SMC laws are discontinuous 
and can cause the well-known chattering phenomenon. To overcome this drawback, 
various techniques have been employed, such as boundary layer approach [34], reaching 
law approach [35] and self-turning sliding mode [36]. Alipour et al. suggested the 
proportional-integral sliding mode control (PISMC) strategy to improve the fault-
tolerant control performance of the traditional SMC so that a smaller control gain could 
be selected and the chattering effect could be reduced [37]. The sliding surface of 
conventional SMC is usually described as linear switching functions, while the so-
called ‘terminal sliding model control’ (TSMC) applies the non-linear switching 
manifolds to achieve fast and finite-time convergence and eliminate the chattering 
phenomenon. The non-singular terminal sliding mode technique was employed in [38] 
and the reaching law was designed by including the negative exponential factor, which 
could not only guarantee the finite-time convergence of the system states, but also 
overcome the singularity problem associated with the conventional TSMC.  However, 
few of the current studies have integrated the NS-TSMO into the vehicle side-slip angle 
estimator.     
In our proposed estimator in this paper, the non-singular terminal SMO (NS-TSMO) 
based on the non-linear comprehensive vehicle dynamics model is proposed for the 
side-slip angle estimation. This estimation method incorporates the non-linear Dugoff 
tyre model into the SMO to accurately present the non-linear tyre characteristic. The 
major contribution of this study can be summarised as follows: 1) the non-linear Dugoff 
tyre model has been incorporated into the vehicle side-slip angle observer to present 
better tyre non-linear characteristics than linear tyre model; 2) the NS-TSMO technique 
is also applied in the side-slip angle observer to achieve faster and better finite-time 
convergence of the estimation values than traditional SMO; 3) the proposed non-linear 
NS-TSMO also shows robustness when tyre parameters in the estimator are not accurate 
and the road condition is changing. 
The rest of this paper is organised as follows. Vehicle non-linear modelling for the 
observer design is presented in Section 2. The simple SMO based on linear tyre model 
and NS-TSMO based on non-linear Dugoff tyre model are shown in Section 3. The 
simulation results of comparing the linear model method and non-linear method are 
shown in Section 4. Finally, the conclusion is given in Section 5.      
 
II. VEHICLE DYNAMICS MODEL 
 
Vehicle body model 
In this paper, in order to develop the non-linear side-slip angle estimator, the 
comprehensive vehicle dynamics model is proposed in this section [26], which is shown 
in Figure 1. The equations of motion of this model are described as follows: 
Longitudinal motion: 
𝑚?̇?𝑥 = 𝑚𝑣𝑦𝑟 + (𝐹𝑥𝑓𝑙 + 𝐹𝑥𝑓𝑟 + 𝐹𝑥𝑟𝑙 + 𝐹𝑥𝑟𝑟) 
(2) 
Lateral motion: 
𝑚?̇?𝑦 = −𝑚𝑣𝑥𝑟 + (𝐹𝑦𝑓𝑙 + 𝐹𝑦𝑓𝑟 + 𝐹𝑦𝑟𝑙 + 𝐹𝑦𝑟𝑟) 
(3) 
Yaw motion: 
𝐼𝑧?̇? = 𝑙𝑓(𝐹𝑦𝑓𝑙 + 𝐹𝑦𝑓𝑟) − 𝑙𝑟(𝐹𝑦𝑟𝑙 + 𝐹𝑦𝑟𝑟) +
𝑏𝑓
2
(𝐹𝑥𝑓𝑙 − 𝐹𝑥𝑓𝑟) +
𝑏𝑟
2
(𝐹𝑥𝑟𝑙 − 𝐹𝑥𝑟𝑟) 
(4) 
where 𝑣𝑥 , 𝑣𝑦, 𝑟  are the vehicle longitudinal velocity, lateral velocity, and yaw rate, 
respectively. 𝐹𝑥𝑓𝑙, 𝐹𝑥𝑓𝑟 , 𝐹𝑥𝑟𝑙, 𝐹𝑥𝑟𝑟 are the vehicle front left, front right, rear left and rear 
right longitudinal tyre forces, respectively, and 𝐹𝑦𝑓𝑙 , 𝐹𝑦𝑓𝑟 , 𝐹𝑦𝑟𝑙, 𝐹𝑦𝑟𝑟 are the vehicle front 
left, front right, rear left and rear right lateral tyre forces, respectively. 𝑙𝑓 and 𝑙𝑟 are the 
front and rear wheel base lengths, while 𝑏𝑓 and 𝑏𝑟 are the front and rear track widths. 𝐼𝑧 
and 𝑚 are the moment of vehicle inertia in terms of yaw axis and vehicle mass. The 
vehicle roll dynamics and pitch dynamics are neglected for simplicity but the actual 
lateral and longitudinal load transfer are included in the vehicle model as shown 
equation (9) in a quasi-static manner. 
 
Figure 1. 4WIS-4WID vehicle dynamics model, where IRC represents the instantaneous 
centre of rotation. 
The tyre traction or brake force and side force are defined as 𝐹𝑡𝑖 and 𝐹𝑠𝑖, respectively, 
which can be related to the longitudinal and the lateral tyre forces by the steering angle 
𝛿𝑖 as follows: 
𝐹𝑥𝑖 = 𝐹𝑡𝑖 cos 𝛿𝑖 − 𝐹𝑠𝑖 sin 𝛿𝑖 
𝐹𝑦𝑖 = 𝐹𝑡𝑖 sin 𝛿𝑖 + 𝐹𝑠𝑖 cos 𝛿𝑖 
(5) 
where 𝑖 = 𝑓𝑙, 𝑓𝑟, 𝑟𝑙, 𝑟𝑟, which represents the front left, front right, rear left and rear 
right wheel, respectively. 
Combing equations (2)-(5), the dynamic model of the vehicle can be rewritten as: 
[
?̇?𝑥
?̇?𝑦
?̇?
] = [
𝑣𝑦𝑟
−𝑣𝑥𝑟
0
] + 𝐵𝑦(𝛿𝑖)𝑭𝒔 + 𝐵𝑥(𝛿𝑖)𝑭𝒕                                        (6) 
where 𝑭𝒕 = [𝐹𝑡𝑓𝑙 𝐹𝑡𝑓𝑟 𝐹𝑡𝑟𝑙 𝐹𝑡𝑟𝑟]
𝑻, 𝑭𝒔 = [𝐹𝑠𝑓𝑙 𝐹𝑠𝑓𝑟 𝐹𝑠𝑟𝑙 𝐹𝑠𝑟𝑟]
𝑻, which presents 
the tyre force along the wheel direction (the tractive force) and perpendicular to the 
wheel direction (the side force), respectively.  
𝐵𝑥(𝛿𝑖)
=
[
 
 
 
 
 
1
𝑚
0 0
0
1
𝑚
0
0 0
1
𝐼𝑧]
 
 
 
 
 
[
 
 
 
cos 𝛿𝑓𝑙 cos 𝛿𝑓𝑟 cos 𝛿𝑟𝑙 cos 𝛿𝑟𝑟
sin 𝛿𝑓𝑙 sin 𝛿𝑓𝑟 sin 𝛿𝑟𝑙 sin 𝛿𝑟𝑟
𝑙𝑓 sin 𝛿𝑓𝑙 +
𝑏𝑓
2
cos 𝛿𝑓𝑙 𝑙𝑓 sin 𝛿𝑓𝑟 −
𝑏𝑓
2
cos 𝛿𝑓𝑟
𝑏𝑟
2
cos 𝛿𝑟𝑙 − 𝑙𝑟 sin 𝛿𝑟𝑙 −
𝑏𝑟
2
cos 𝛿𝑟𝑟 − 𝑙𝑟 sin 𝛿𝑟𝑟]
 
 
 
 
= [
𝐵𝑥1
𝐵𝑥2
𝐵𝑥3
] 
 
𝐵𝑦(𝛿𝑖)
=
[
 
 
 
 
 
1
𝑚
0 0
0
1
𝑚
0
0 0
1
𝐼𝑧]
 
 
 
 
 
[
 
 
 
− sin 𝛿𝑓𝑙 −sin 𝛿𝑓𝑟 −sin 𝛿𝑟𝑙 −sin 𝛿𝑟𝑟
cos 𝛿𝑓𝑙 cos 𝛿𝑓𝑟 cos 𝛿𝑟𝑙 cos 𝛿𝑟𝑟
𝑙𝑓 cos 𝛿𝑓𝑙 −
𝑏𝑓
2
sin 𝛿𝑓𝑙 𝑙𝑓 cos 𝛿𝑓𝑟 +
𝑏𝑓
2
sin 𝛿𝑓𝑟 −
𝑏𝑟
2
sin 𝛿𝑟𝑙 − 𝑙𝑟 cos 𝛿𝑟𝑙
𝑏𝑟
2
sin 𝛿𝑟𝑟 − 𝑙𝑟 cos 𝛿𝑟𝑟]
 
 
 
 
= [
𝐵𝑦1
𝐵𝑦2
𝐵𝑦3
] 
 
 
Vehicle tyre model 
The non-linear Dugoff tyre model, which can well describe the non-linear tyre 
characteristic of combined longitudinal and lateral tyre force and the friction circle 
effect [25], is described by:  
𝜆𝑖 =
𝜇𝐹𝑧𝑖 [1 − 𝑟𝑢𝑖√𝑠𝑖
2 + tan2 𝛼𝑖] (1 − 𝑠𝑖)
2√𝐶𝑠2𝑠𝑖
2 + 𝐶𝛼2 tan2 𝛼𝑖
 
𝑓(𝜆𝑖) = {
𝜆𝑖(2 − 𝜆𝑖)  (𝜆𝑖 < 1) 
1                  (𝜆𝑖 > 1)
 
𝐹𝑠𝑖 =
𝐶𝛼 tan𝛼𝑖
1 − 𝑠𝑖
𝑓(𝜆𝑖) 
𝐹𝑡𝑖 =
𝐶𝑠𝑠𝑖
1 − 𝑠𝑖
𝑓(𝜆𝑖) 
(7) 
where 𝜇 is the tyre-road friction coefficient. 𝐶𝑠  is the longitudinal cornering stiffness 
and 𝐶𝛼 is the lateral cornering stiffness. Figure 2 presents the curve of vehicle lateral 
tyre force versus different side-slip angles under different tyre cornering stiffness 
values, which suggests the tyre force is greatly affect by tyre parameters. 𝑠𝑖  is the 
longitudinal slip ratio, and 𝛼𝑖 is the lateral slip angle. 𝑟 is a constant value, and 𝑢𝑖 is the 
vehicle velocity component in the wheel plane which is defined for each wheel as:  
𝑢𝑓𝑙 = (𝑣𝑥 +
1
2
𝑏𝑓𝑟) cos 𝛿𝑓𝑙 + (𝑣𝑦 + 𝑙𝑓𝑟) sin 𝛿𝑓𝑙 
𝑢𝑓𝑟 = (𝑣𝑥 −
1
2
𝑏𝑓𝑟) cos 𝛿𝑓𝑟 + (𝑣𝑦 + 𝑙𝑓𝑟) sin 𝛿𝑓𝑟 
𝑢𝑟𝑙 = (𝑣𝑥 +
1
2
𝑏𝑟𝑟) cos 𝛿𝑟𝑙 − (𝑙𝑟𝑟 − 𝑣𝑦) sin 𝛿𝑟𝑙 
𝑢𝑟𝑙 = (𝑣𝑥 −
1
2
𝑏𝑟𝑟) cos 𝛿𝑟𝑟 − (𝑙𝑟𝑟 − 𝑣𝑦) sin 𝛿𝑟𝑟 
(8) 
 
Figure 2. The vehicle lateral tyre force corresponding to different side-slip angles under 
different tyre cornering stiffness values (𝑣𝑥 = 100𝑘𝑚/ℎ) 
𝐹𝑧𝑖 is the vertical load of each wheel, which can be calculated as follows [39]: 
𝐹𝑧𝑓𝑙 =
𝑚
𝑙𝑓 + 𝑙𝑟
(
1
2
𝑔𝑙𝑟 −
1
2
?̇?𝑥ℎ −
𝑙𝑟
𝑏𝑓
?̇?𝑦ℎ) 
𝐹𝑧𝑓𝑟 =
𝑚
𝑙𝑓 + 𝑙𝑟
(
1
2
𝑔𝑙𝑟 −
1
2
?̇?𝑥ℎ +
𝑙𝑟
𝑏𝑓
?̇?𝑦ℎ) 
𝐹𝑧𝑟𝑙 =
𝑚
𝑙𝑓 + 𝑙𝑟
(
1
2
𝑔𝑙𝑓 +
1
2
?̇?𝑥ℎ −
𝑙𝑓
𝑏𝑟
?̇?𝑦ℎ) 
𝐹𝑧𝑟𝑙 =
𝑚
𝑙𝑓 + 𝑙𝑟
(
1
2
𝑔𝑙𝑓 +
1
2
?̇?𝑥ℎ +
𝑙𝑓
𝑏𝑟
?̇?𝑦ℎ) 
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Ca=10000 N/rad
Ca=15000 N/rad
Ca=20000 N/rad
Ca=30000 N/rad
(9) 
where ℎ is the height of the vehicle CG above the ground. 
 
Traction or brake dynamics model 
The wheel rotation dynamics is described by the following equation: 
𝐼𝜔?̇?𝑖 = −𝑅𝜔𝐹𝑡𝑖 + 𝑇𝑖                                                            (10) 
where 𝐼𝜔 is the wheel moment of inertia and 𝜔𝑖 is the angular velocity of each wheel. 
𝑅𝜔 is the wheel radius and 𝑇𝑖 is the traction or brake torque of each wheel. 
 
III. SIDE-SLIP ANGLE SLIDING MODE OBSERVER (SMO) 
 
In this section, the simple linear tyre model based sliding mode observer (SMO) is 
presented first and then the proposed NS-TSMO based on the non-linear Dugoff tyre 
model is described. It is assumed that the available measurement inputs are longitudinal 
acceleration, lateral acceleration, steering angle, wheel speed and yaw rate. This 
assumption is reasonable since the vehicle acceleration can be measured by the inertial 
measurement unit (IMU) or accelerometer, and the wheel speed and yaw rate are both 
easy to measure.    
 
Simple SMO based on the linear tyre model 
The linear tyre model simplified the relationship between the longitudinal tyre force 
(lateral tyre force) and longitudinal slip ratio (lateral side-slip angle) as the longitudinal 
cornering stiffness (the lateral cornering stiffness): 
𝐹𝑠𝑖 = 𝐶𝛼𝛼𝑖                                                            (11a) 
𝐹𝑡𝑖 = 𝐶𝑠𝑠𝑖                                                            (11b) 
The simple SMO based on the linear tyre model can be designed as the follows: 
[
?̇̂?𝑥
?̇̂?𝑦
?̂̇?
] = [
𝑣𝑦?̂?
−𝑣𝑥?̂?
0
] + 𝐵𝑦(𝛿𝑖)?̂?𝒔 + 𝐵𝑥(𝛿𝑖)?̂?𝒕 + 𝑽 
(12) 
where 𝑽 = [
𝑣1
𝑣2
𝑣3
]. 𝑣1, 𝑣2, 𝑣3 represent the sliding mode observer law. 𝑣𝑥, 𝑣𝑦, ?̂? represent 
the estimated longitudinal velocity, lateral velocity and yaw rate. ?̂?𝒕 and ?̂?𝒔 represent 
the estimated values of tractive force and side force, which can be calculated as follows: 
?̂?𝑡 = 𝐶𝑠?̂?𝑖 = 𝐶𝑠
𝜔𝑖𝑅𝜔−?̂?𝑥
𝑚𝑎𝑥(?̂?𝑥,𝜔𝑖𝑅𝜔)
                                                      (13) 
?̂?𝑠𝑓𝑙 = 𝐶𝑎?̂?𝑓𝑙 = 𝐶𝑎 [𝛿𝑓𝑙 − 𝑎𝑡𝑎𝑛 (
?̂?𝑦+𝑙𝑓?̂?
?̂?𝑥−
1
2
𝑏𝑓?̂?
)]                                     (14a) 
?̂?𝑠𝑓𝑟 = 𝐶𝑎?̂?𝑓𝑟 = 𝐶𝑎 [𝛿𝑓𝑟 − 𝑎𝑡𝑎𝑛 (
?̂?𝑦+𝑙𝑓?̂?
?̂?𝑥+
1
2
𝑏𝑓?̂?
)]                                   (14b) 
?̂?𝑠𝑟𝑙 = 𝐶𝑎?̂?𝑟𝑙 = 𝐶𝑎 [𝛿𝑟𝑙 + 𝑎𝑡𝑎𝑛 (
𝑙𝑟?̂?−?̂?𝑦
?̂?𝑥−
1
2
𝑏𝑟?̂?
)]                                     (14c) 
?̂?𝑠𝑟𝑟 = 𝐶𝑎?̂?𝑟𝑟 = 𝐶𝑎 [𝛿𝑟𝑙 + 𝑎𝑡𝑎𝑛 (
𝑙𝑟?̂?−?̂?𝑦
?̂?𝑥+
1
2
𝑏𝑟?̂?
)]                                   (14d) 
where ?̂?𝑖  and ?̂?𝑖  are the estimated longitudinal slip ratio and lateral side-slip angle, 
respectively. 
The estimation error can be calculated by subtracting equation (6) from (12): 
?̇̃?𝑥 = (?̃?𝑦𝑟 + 𝑣𝑦?̃?) + 𝐵𝑦1(𝛿𝑖)?̃?𝒔 + 𝐵𝑥1(𝛿𝑖)?̃?𝒕 + 𝑣1                                      (15a) 
?̇̃?𝑦 = −(?̃?𝑥𝑟 + 𝑣𝑥?̃?) + 𝐵𝑦2(𝛿𝑖)?̃?𝒔 + 𝐵𝑥2(𝛿𝑖)?̃?𝒕 + 𝑣2                                      (15b) 
?̇̃? = 𝐵𝑦3(𝛿𝑖)?̃?𝒔 + 𝐵𝑥3(𝛿𝑖)?̃?𝒕 + 𝑣3                                                       (15c) 
where ?̃?𝑥 = 𝑣𝑥 − 𝑣𝑥, ?̃?𝑦 = 𝑣𝑦 − 𝑣𝑦, ?̃?𝒕 = ?̂?𝒕 − 𝑭𝒕 and ?̃?𝒔 = ?̂?𝒔 − 𝑭𝒔. 
The sliding surface of the SMO can be selected as follows: 
𝑆1 = ∫ ?̃?𝑥                                                                     (16a) 
𝑆2 = ∫ ?̃?𝑦                                                                     (16b) 
𝑆3 = ?̃?                                                                        (16c) 
where ?̃?𝑥 = ?̂?𝑥 − 𝑎𝑥 ,which represents the error between the estimated longitudinal 
acceleration and actual value. ?̃?𝑦 = ?̂?𝑦 − 𝑎𝑦 , which represents the error between the 
estimated lateral acceleration and actual value. 𝑎𝑥 =  𝐵𝑦1(𝛿𝑖)𝑭𝒔 + 𝐵𝑥1(𝛿𝑖)𝑭𝒕 , 𝑎𝑦 = 
𝐵𝑦2(𝛿𝑖)𝑭𝒔 + 𝐵𝑥2(𝛿𝑖)𝑭𝒕, ?̇? = 𝐵𝑦3(𝛿𝑖)𝑭𝒔 + 𝐵𝑥3(𝛿𝑖)𝑭𝒕. ?̃? = ?̂? − 𝑟. 
The time derivative of the sliding surface of the SMO can be calculated as: 
?̇?1 = ?̃?𝑥 = ?̇̃?𝑥 − (?̃?𝑦𝑟 + 𝑣𝑦?̃?) − 𝑣1                                   (17a) 
?̇?2 = ?̃?𝑦 = ?̇̃?𝑦 + (?̃?𝑥𝑟 + 𝑣𝑥?̃?) − 𝑣2                                   (17b) 
?̇?3 = ?̇̃? + 𝑣3                                                       (17c) 
Thus, the observer law 𝑽 can be determined as follows: 
𝑣1 = (?̂?𝑥 − 𝑎𝑥) + 𝑘1𝑠𝑔𝑛(𝑆1)                                            (18a) 
𝑣2 = (?̂?𝑦 − 𝑎𝑦) + 𝑘2𝑠𝑔𝑛(𝑆2)                                           (18b) 
𝑣3 = −?̇̃? − 𝑘3𝑠𝑔𝑛(𝑆3)                                                    (18c) 
According to equations (12) and (18), the linear observer requires the measured 
information of longitudinal acceleration, lateral acceleration, input steering angle, wheel 
angular velocity and yaw rate.   
To prove the stability of the suggested control law, the Lyapunov method is used. The 
Lyapunov functions for the three channels can be chosen as: 
𝑉1 =
1
2
𝑆1
2                                                               (19a) 
𝑉2 =
1
2
𝑆2
2                                                               (19b) 
𝑉3 =
1
2
𝑆3
2                                                               (19c) 
The time derivative of the above Lyapunov function is: 
?̇?1 = 𝑆1?̇?1 = 𝑆1[?̇̃?𝑥 − (?̃?𝑦𝑟 + 𝑣𝑦?̃?) − 𝑣1] = −𝑘1|𝑆1|                        (20a) 
?̇?2 = 𝑆2?̇?2 = 𝑆2[?̇̃?𝑦 + (?̃?𝑥𝑟 + 𝑣𝑥?̃?) − 𝑣2] = −𝑘2|𝑆2|                       (20b) 
?̇?3 = 𝑆3?̇?3 = 𝑆3(?̇̃? + 𝑣3) = −𝑘3|𝑆3|                               (20c) 
According to equation (20), the time derivative of the above Lyapunov function is 
always negative, which proves the stability of the whole system. 
 
Non-linear Dugoff tyre model based NS-TSMO  
Similarly, according to equation (6), the proposed NS-TSMO can be designed as 
equation (12). Compared with the above linear method, the estimated tyre force in 
equation (12) can be determined by non-linear Dugoff tyre model: 
?̂?𝑠𝑖 =
𝐶𝛼 tan ?̂?𝑖(?̂?𝑥,?̂?𝑦,?̂?,𝛿𝑖)
1−?̂?𝑖(?̂?𝑥,𝜔𝑖)
𝑓(𝜆𝑖(?̂?𝑖, ?̂?𝑖, 𝜇, 𝐹𝑧𝑖))                                 (21a) 
?̂?𝑡𝑖 =
𝐶𝑠?̂?𝑖(?̂?𝑥,𝜔𝑖)
1−?̂?𝑖(?̂?𝑥,𝜔𝑖)
𝑓(𝜆𝑖(?̂?𝑖, ?̂?𝑖, 𝜇, 𝐹𝑧𝑖))                                       (21b) 
The estimation error dynamics equation (15) can be obtained by subtracting equation (6) 
from equation (12). 
In order to obtain the terminal convergence of the tracking error, the sliding surface can 
be defined as: 
𝑠1 = ∫∫ ?̃?𝑥 +
1
𝛽1
(∫ ?̃?𝑥)
𝑝1
𝑞1                                                   (22a) 
𝑠2 = ∫∫ ?̃?𝑦 +
1
𝛽2
(∫ ?̃?𝑦)
𝑝2
𝑞2                                                  (22b) 
𝑠3 = ∫ ?̃? +
1
𝛽3
?̃?
𝑝3
𝑞3⁄                                                     (22c) 
where 𝛽1, 𝛽2, 𝛽3 ∈ 𝑅
+ , 𝑝1, 𝑝2, 𝑝3, 𝑞1, 𝑞2, 𝑞3  are positive odd integrators. The time 
derivatives of the sliding surfaces 𝑠1, 𝑠2, 𝑠3 defined by (22) are derived as following 
equations: 
?̇?1 = ∫ ?̃?𝑥 +
𝑝1
𝛽1𝑞1
(∫ ?̃?𝑥)
𝑝1
𝑞1
−1
?̃?𝑥 
= ∫ ?̃?𝑥 +
𝑝1
𝛽1𝑞1
(∫ ?̃?𝑥)
𝑝1
𝑞1
−1
[?̇̃?𝑥 − (?̃?𝑦𝑟 + 𝑣𝑦?̃?) − 𝑣1] 
= ∫ ?̃?𝑥 −
𝑝1
𝛽1𝑞1
(∫ ?̃?𝑥)
𝑝1
𝑞1
−1
𝑣1 +
𝑝1
𝛽1𝑞1
(∫ ?̃?𝑥)
𝑝1
𝑞1
−1
[?̇̃?𝑥 − (?̃?𝑦𝑟 + 𝑣𝑦?̃?)] 
(23a) 
?̇?2 = ∫ ?̃?𝑦 +
𝑝2
𝛽2𝑞2
(∫ ?̃?𝑦)
𝑝2
𝑞2
−1
?̃?𝑦 = ∫ ?̃?𝑦 +
𝑝2
𝛽2𝑞2
(∫ ?̃?𝑦)
𝑝2
𝑞2
−1
[?̇̃?𝑦 + (?̃?𝑥𝑟 + 𝑣𝑥?̃?) − 𝑣2]
= ∫ ?̃?𝑦 −
𝑝2
𝛽2𝑞2
(∫ ?̃?𝑦)
𝑝2
𝑞2
−1
𝑣2 +
𝑝2
𝛽2𝑞2
(∫ ?̃?𝑦)
𝑝2
𝑞2
−1
[?̇̃?𝑦 + (?̃?𝑥𝑟 + 𝑣𝑥?̃?)] 
(23b) 
?̇?3 = ?̃? +
𝑝3
𝛽3𝑞3
?̃?
𝑝3
𝑞3⁄ −1?̇̃? = ?̃? +
𝑝3
𝛽3𝑞3
?̃?
𝑝3
𝑞3⁄ −1(?̇̂? − ?̇? + 𝒗𝟑)
= ?̃? +
𝑝3
𝛽3𝑞3
?̃?
𝑝3
𝑞3⁄ −1𝑣3 +
𝑝3
𝛽3𝑞3
?̃?
𝑝3
𝑞3⁄ −1(?̇̃?) 
(23c) 
In order to guarantee the sliding reaching law is designed by employing an attractor 
with the negative exponential factor, the observer law 𝑽 = [
𝑣1
𝑣2
𝑣3
] can be designed as: 
𝑣1 =
𝛽1𝑞1
𝑝1
(∫ ?̃?𝑥)
2−
𝑝1
𝑞1
+
𝛽1𝑞1
𝑝1
(𝑘1𝑠1 + 𝑟1𝑠1
𝑚1
𝑛1⁄ ) 
(24a) 
𝑣2 =
𝛽2𝑞2
𝑝2
(∫ ?̃?𝑦)
2−
𝑝2
𝑞2
+
𝛽2𝑞2
𝑝2
(𝑘2𝑠2 + 𝑟2𝑠2
𝑚2
𝑛2⁄ ) 
(24b) 
𝑣3 = −
𝛽3𝑞3
𝑝3
?̃?
2−
𝑝3
𝑞3 −
𝛽3𝑞3
𝑝3
(𝑘3𝑠3 + 𝑟3𝑠3
𝑚3
𝑛3⁄ ) 
(24c) 
Substituting equation (24) into (23): 
?̇?1 = −(𝑘1𝑠1 + 𝑟1𝑠1
𝑚1
𝑛1⁄ ) (∫ ?̃?𝑥)
𝑝1
𝑞1
−1
+
𝑝1
𝛽1𝑞1
(∫ ?̃?𝑥)
𝑝1
𝑞1
−1
[?̇̃?𝑥 − (?̃?𝑦𝑟 + 𝑣𝑦?̃?)] 
(25a) 
?̇?2 = −(𝑘2𝑠2 + 𝑟2𝑠2
𝑚2
𝑛2⁄ ) (∫ ?̃?𝑦)
𝑝2
𝑞2
−1
+
𝑝2
𝛽2𝑞2
(∫ ?̃?𝑦)
𝑝2
𝑞2
−1
[?̇̃?𝑦 + (?̃?𝑥𝑟 + 𝑣𝑥?̃?)] 
(25b) 
?̇?3 = −(𝑘3𝑠3 + 𝑟3𝑠3
𝑚3
𝑛3⁄ ) ?̃?
𝑝3
𝑞3⁄ −1 +
𝑝3
𝛽3𝑞3
?̃?
𝑝3
𝑞3⁄ −1(?̇̃?) 
(25c) 
Assumption 1 The constants 𝛽𝑖 > 0, 𝑘𝑖 > 0, 𝑟𝑖 > 0  and the positive odd integrators 
𝑚𝑖, 𝑛𝑖 , 𝑝𝑖, 𝑞𝑖  satisfy the constraints: 0 < 𝑚𝑖 < 𝑛𝑖 < 1 , 1 < 𝑚𝑖 < 𝑛𝑖 < 2 , where 
𝑖 = 1,2,3. The observer gain 𝑟𝑖 > 0 and 𝑘𝑖 > 0 and satisfying: 
𝑘1 > |
𝑐1
𝑠1
|                                                           (26a) 
𝑘2 > |
𝑐2
𝑠2
|                                                           (26b) 
𝑘3 > |
𝑐3
𝑠3
|                                                           (26c) 
Assumption 2 The tyre model errors ∆𝐹𝑥 and ∆𝐹𝑦 are bounded and satisfy the following 
condition: 
𝐵𝑦1(𝛿𝑖)𝑭𝒔 + 𝐵𝑥1(𝛿𝑖)𝑭𝒕 ≤ 𝑐1 
(27a) 
𝐵𝑦2(𝛿𝑖)𝑭𝒔 + 𝐵𝑥2(𝛿𝑖)𝑭𝒕 ≤ 𝑐2 
(27b) 
𝐵𝑦3(𝛿𝑖)𝑭𝒔 + 𝐵𝑥3(𝛿𝑖)𝑭𝒕 ≤ 𝑐3 
(27c) 
where 𝑐1, 𝑐2 and 𝑐3 are positive constant values.  
Theorem 1 Consider the vehicle non-linear dynamic system (2)-(10) and the proposed 
non-linear SMO (12) with the observer law (24). When assumption 1 and assumption 2 
are satisfied, the tracking errors of observer (12) converge asymptotically to zero in 
finite time. 
The detailed proof of Theorem 1 can be found in Appendix. 
 
IV. SIMULATION RESULTS 
 
In this section, six sets of simulations are carried out to verify the proposed vehicle side-
slip angle estimator. The simulation test is solely carried out on the simulation software 
of Matlab Simulink and the architecture of simulation implementation is presented in 
Figure 3. The simulation parameters are listed in Table 1. The simulation results of 
simple SMO based on linear tyre model, simple SMO based on non-linear Dugoff tyre 
model and NS-TSMO based on non-linear Dugoff tyre model are plotted together to 
compare their estimation performances. In addition to the proposed SMO based on 
linear and non-linear model, the simulation response of widely used EKF method is also 
presented here for the comparison. In order to quantitatively compare the simulation 
results of each method, the root mean square (RMS) values of estimation error of each 
set of simulations are presented in Table 2. 
 
Figure 3. The architecture of the implementation of simulation test on the software of 
Matlab Simulink 
Table 1. Parameter values used in simulations. [26] 
𝑚 Mass 1298.9 kg 
𝑙𝑓 Distance of c.g. from the 
front axle 
1 m 
𝑙𝑟 Distance of c.g. from the 
rear axle 
1.454 m 
𝑏𝑓 Front track width 1.436 m 
𝑏𝑟 Rear track width 1.436 m 
𝐶𝑠 Longitudinal stiffness of 
the tyre 
50000 N/unit 
slip ratio 
𝐼𝑧 Vehicle moment of inertial 
about yaw axle 
1627 kgm2 
𝑅𝜔 Wheel radius 0.35 m 
𝐼𝜔 Wheel moment of inertial 2.1 kgm
2 
𝑟 Road adhesion reduction 
factor 
0.015 s/m 
𝐶𝛼 Cornering stiffness of the 
tyre 
30000 N/rad 
𝑘1 Parameter of  simple SMO 
and NS-TSMO 
1000 
𝑘2 Parameter of  simple SMO 30000 
and NS-TSMO 
𝑘3 Parameter of  simple SMO 
and NS-TSMO 
10000 
𝑟1, 𝑟2, 𝑟3 Parameter of NS-TSMO 250000 
𝛽1, 𝛽2, 𝛽3 Parameter of NS-TSMO 1 
𝑝1, 𝑝2, 𝑝3 Parameter of NS-TSMO 6 
𝑞1, 𝑞2, 𝑞3 Parameter of NS-TSMO 4 
𝑚1, 𝑚2, 𝑚3 Parameter of NS-TSMO 10 
𝑛1, 𝑛2, 𝑛3 Parameter of NS-TSMO 12 
 
In the first set of simulations, the vehicle is performing a standard lane change 
manoeuvre according to [26]. The input steering angle is shown in Figure 4(a) and the 
measured lateral acceleration is shown in Figure 4(b). The tyre-road friction coefficient 
is assumed as 0.9 and the vehicle initial velocity is 40 m/s. Figure 4(c), Figure 4(d), and 
Figure 4(e) show that the simple SMO and NS-TSMO based on non-linear Dugoff tyre 
model and EKF method can estimate the longitudinal velocity, body slip angle and yaw 
rate more accurately than linear tyre model estimator. In order to compare the 
estimation performance of simple SMO and NS-TSMO based on the non-linear tyre 
model, the sliding mode control gains 𝑘1, 𝑘2, 𝑘3 of these two methods are set as the 
same values. According to Figure 4(c-e) and RMS values of estimation error in the first 
set of simulations in Table 2, the NS-TSMO based on non-linear model can perform 
better estimation performance than the simple SMO based on non-linear model and 
EKF method by setting the scaling factors 𝑟1, 𝑟2, 𝑟3  in equation (24) (which is 
corresponding to the exponential reaching law) as a big value (250000) to achieve fast 
and finite-time convergence.  
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Figure 4. Estimation performance in the first set of simulations: (a) input steering angle 
(b) measured lateral acceleration (c) estimated longitudinal velocity (d) estimated body 
side-slip angle (e) estimated yaw rate  
 
In the second set of simulations, the initial conditions and input steering angle are the 
same as the first set of simulations. The measurement value of lateral acceleration is 
assumed to have the random noise with the variance of 1 (m/s
2
) and the zero mean 
value, which is shown in Figure 5(a). According to Figure 5(b), 5(c) and 5(d), both the 
simple SMO and the NS-TSMO based on non-linear tyre model show much better 
estimation performance than simple SMO based on linear tyre model, which shows the 
advantage of non-linear Dugoff tyre model. The EKF method and the NS-TSMO based 
on non-linear tyre model show better estimation performance than the simple SMO 
based on non-linear tyre model, which proves the proposed NS-TSMO and EKF method 
are robust against the measurement noise with zero mean value. According to RMS 
values in the second set of simulations in Table 2, the measurement noise affects the 
estimation results of all the methods, while the proposed NS-TSMO based non-linear 
model and EKF method shows the best estimation performance.    
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Figure 5. Estimation performance in the second set of simulations: (a) measured lateral 
acceleration (b) estimated longitudinal velocity (c) estimated body side-slip angle (d) 
estimated yaw rate 
 
In the third set of simulations, the vehicle is performing the J-turn manoeuvre similar to 
[26]. The input steering angle is shown in Figure 6(a) and the measured lateral 
acceleration is shown in Figure 6(b). The tyre-road friction coefficient is 0.9 and vehicle 
initial velocity is still 40 m/s. Figure 6(c), Figure 6(d) and Figure 6(e) clearly present 
that the estimation results from linear model based estimator have large errors compared 
with the actual values and the linear based estimation method cannot accurately present 
the non-linear tyre characteristic. The estimation method of simple SMO and NS-
TSMO based on non-linear Dugoff tyre model together with the EKF method, on the 
other hand, can successfully present the non-linear tyre characteristic and the estimation 
performance is more attractive. The RMS values of estimation error in third set of 
simulations in Table 2 suggest that the proposed NS-TSMO based on non-linear model 
has better estimation performance than simple SMO based on non-linear model and 
EKF method. 
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(e) 
Figure 6. Estimation performance in the third set of simulations: (a) input steering angle 
(b) measured lateral acceleration (c) estimated longitudinal velocity (d) estimated body 
side-slip angle (e) estimated yaw rate 
In the fourth set of simulations, the vehicle is performing the J-turn motion with the 
same input steering angle as Figure 6(a) and the initial velocity is still 40 m/s. The tyre-
road friction coefficient is assumed as 0.5 as the vehicle is moving on the slippery road, 
and all the linear SMO, non-linear SMO and EKF method are assumed to not know this 
changed friction value and the initial friction coefficient value of 0.9 is still applied on 
these estimation methods. The measured lateral acceleration is presented in Figure 7(a). 
Figure 7(b-d) and RMS values in the fourth set of simulations in Table 2 demonstrate 
that the proposed NS-TSMO based on non-linear tyre model and EKF method can 
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accurately estimate the vehicle longitudinal velocity and body side-slip angle even when 
the actual tyre-road friction coefficient is changed. This is because that the estimation 
error caused by the changed and unidentified friction coefficient is compensated by the 
feedback measurement values in the NS-TSMO and EKF method. On the other hand, 
the estimation results of the simple SMO based on linear model are strongly 
compromised by the changed friction coefficient compared with Figure 6.   
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Figure 7. Estimation performance in the fourth set of simulations: (a) measured lateral 
acceleration (b) estimated longitudinal velocity (c) estimated body side-slip angle (d) 
estimated yaw rate 
In the fifth set of simulations, all the simulation conditions are the same as the fourth set 
of simulations except that the cornering stiffness of the non-linear tyre model in the 
estimator cannot accurately present the actual tyre cornering stiffness and is assumed to 
be two times larger than the actual value. The default values of cornering stiffness in the 
estimator is assumed as 30000 N.m and the actual value is 15000 N.m. Figure 8(a) 
presents the measured lateral acceleration. According to Figure 8 (b-d) and RMS values 
in the fifth set of simulations in Table 2, the estimation performance of the simple SMO 
and NS-TSMO based on non-linear tyre model shows a little compromised compared 
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with Figure 7 (b-d), which is mainly due to the inaccurate cornering stiffness parameter. 
However, this little compromise of estimation performance can be neglected and the 
proposed NS-TSMO shows good vehicle state and side-slip angle estimation 
performance when the tyre parameter is inaccuracy.    
In the sixth set of simulations, the vehicle is performing the more challenging sine-wave 
steering manoeuvre with the input steering angle as Figure 9(a) and the initial velocity 
is still 40 m/s. In order to further compare the estimation performance between the 
proposed NS-TSMO and EKF method, the lateral acceleration measurement (Figure 
9(b)) has the random noise with the variance of 1 (m/s
2
) and the mean value of 0.5 
(m/s
2
). Compared with measurement noise with the zero mean value in the second set of 
simulation, the measurement noise with non-zero mean value will significantly impair 
the estimation performance. According to Figure 9(c-e) and RMS estimation error 
values in the sixth set of simulations in Table 2, the proposed NS-TSMO based on non-
linear tyre model has much better side-slip angle estimation performance than the EKF 
method. This is because the proposed SMO can overcome the measurement noise by 
setting the corresponding SMO gain as zero and fully utilise the non-linear vehicle 
model for the estimation, while the EKF method strongly relies on the measurement 
value and estimation performance of EKF method is strongly compromised by the 
measurement noise.   
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Figure 8. Estimation performance in the fifth set of simulations: (a) measured lateral 
acceleration (b) estimated longitudinal velocity (c) estimated body side-slip angle (d) 
estimated yaw rate 
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Figure 9. Estimation performance in the sixth set of simulations: (a) input steering angle 
(b) measured lateral acceleration (c) estimated longitudinal velocity (d) estimated body 
side-slip angle (e) estimated yaw rate 
Table 2. RMS values of different sets of simulations. 
Number of 
simulation 
Longitudinal velocity estimation error 
(m/s) 
Body slip angle estimation error 
(rad) 
Yaw rate estimation error (rad/s) 
Linear 
model  
Non-linear model  EKF 
metho
d 
Linear 
model  
Non-linear 
model  
EKF 
meth
od 
Linear 
model  
Non-linear model  EKF 
meth
od 
Simple 
SMO 
Simple 
SMO 
NS-
TSMO 
Simple 
SMO 
Simple 
SMO 
NS-
TSM
O 
Simple 
SMO 
simple 
SMO 
NS-
TSM
O 
1 0.1621 0.0301 0.0034 0.0239 0.0502 0.0038 3.05 6.056 0.0348 0.0018 1.548 5.41
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41 
×
10−4 
1 
×
10−4 
×
10−4 
29×
10−4 
2 0.1638 0.0450 0.0212 0.0215 0.0519 0.0072 0.00
37 
0.003
7 
0.0338 0.0019 1.862
2 
×
10−4 
5.41
86 
×
10−4 
3 0.6035 0.0300 0.0031 0.0383 0.0291 0.0030 2.01
31 ×
10−4 
0.001
6 
0.0432 0.0019 2.056
×
10−4 
0.00
14 
4 0.8523 0.0832 0.0060 0.0032 0.0642 0.0044 5.53
1 ×
10−4 
9.288
3 ×
10−4 
0.037 0.0036 5.159
7 
×
10−4 
7.69
1 
×
10−5 
5 0.3985 0.1396 0.0141 0.0035 0.0526 0.0114 0.00
13 
6.886
4 ×
10−4 
0.0193 0.0053 7.448
1 
×
10−4 
4.66
65 ×
10−5 
6 0.4291 0.1416 0.1213 0.0059 0.1571 0.013 0.01
05 
0.044
1 
0.0259 5.1541 
× 10−4 
3.097
2 
×
10−5 
4.38
80 
×
10−5 
 
V. CONCLUSION 
 
This paper proposes an innovative side-slip angle estimator based on the non-linear 
Dugoff tyre model and non-singular terminal sliding mode technique.  Based on the 
simulation results and compared with the simple SMO based on linear tyre model and 
non-linear tyre model and EKF estimation method, the major findings can be 
summarized as follows: 
1) The proposed simple SMO and NS-TSMO based on non-linear tyre model can 
achieve much better estimation performance than the simple SMO based on linear tyre 
model in all the six sets of simulations, which proves the advantageous of the including 
the non-linear Dugoff tyre model into the side-slip angle estimator. 
2) The proposed NS-TSMO based on non-linear tyre model can achieve better 
estimation performance than the simple SMO based on non-linear tyre model in all the 
simulations, which proves the NS-TSMO can achieve fast and finite-time convergence 
and is advantageous over the simple SMO. 
3) When the measurement noise of lateral acceleration exists, the proposed NS-TSMO 
can better overcome the measurement noise and achieve the fast convergence compared 
with the simple SMO based on linear and non-linear tyre model, while the EKF method 
can only achieve the good estimation performance when the measurement noise has 
zero mean value. 
4) When the proposed non-linear tyre model based observer do not know the change of 
actual tyre-road friction condition or the tyre model has inaccurate parameters, 
simulation results have proved that the proposed NS-TSMO is quite robust against the 
parameter error and friction coefficient change and shows good estimation performance 
of vehicle state and side-slip angle. 
In the future, the experiment should be carried out to validate the proposed side-slip 
angle observer.  
 
Appendix 
Proof of Theorem 1: 
(1) Defined the Lyapunov function as 𝑉3 =
1
2
𝑠3
2, and the time derivative of 𝑉3 can be 
obtained as: 
?̇?3 = 𝑠3?̇?3 = 𝑠3 [− (𝑘3𝑠3 + 𝑟3𝑠3
𝑚3
𝑛3⁄ ) ?̃?
𝑝3
𝑞3⁄ −1
+
𝑝3
𝛽3𝑞3
?̃?
𝑝3
𝑞3⁄ −1(𝐵𝑦3(𝛿𝑖)𝑭𝒔 + 𝐵𝑥3(𝛿𝑖)𝑭𝒕)]
= (−𝑘3𝑠3
2 − 𝑟3𝑠3
𝑚3
𝑛3⁄ +1 +
𝑝3𝑠3
𝛽3𝑞3
(𝐵𝑦3(𝛿𝑖)𝑭𝒔 + 𝐵𝑥3(𝛿𝑖)𝑭𝒕)) ?̃?
𝑝3
𝑞3⁄ −1 
(A1) 
When (27c) is satisfied: 
if 𝑠3 > 0, 
𝑝3𝑠3
𝛽3𝑞3
(𝐵𝑦3(𝛿𝑖)𝑭𝒔 + 𝐵𝑥3(𝛿𝑖)𝑭𝒕) < 𝑠3𝑐3 
?̇?3 < 𝑠3 (−𝑘3𝑠3 − 𝑟3𝑠3
𝑚3
𝑛3⁄ + 𝑐3) ?̃?
𝑝3
𝑞3⁄ −1 < −𝑟3𝑠3
𝑚3
𝑛3⁄ +1?̃?
𝑝3
𝑞3⁄ −1 < 0                                       
(A2a) 
if 𝑠3 < 0, 
𝑝3𝑠3
𝛽3𝑞3
[𝐵𝑦3(𝛿𝑖)𝑭𝒔 + 𝐵𝑥3(𝛿𝑖)𝑭𝒕] < −𝑠3𝑐3 
?̇?3 < 𝑠3 (−𝑘3𝑠3 − 𝑟3𝑠3
𝑚3
𝑛3⁄ − 𝑐3) ?̃?
𝑝3
𝑞3⁄ −1 < −𝑟3𝑠3
𝑚3
𝑛3⁄ +1?̃?
𝑝3
𝑞3⁄ −1 < 0                                     
(A2b) 
if 𝑠3 = 0, ?̃? → 0.  
Thus, when (27c) is satisfied, equation (A2) is obtained and ?̇?3 < 0 is proved. And 
hence, the yaw rate estimation error ?̃? will converge to zero ultimately.  
(2) Defined the Lyapunov function as 𝑉1 =
1
2
𝑠1
2, and the time derivative of 𝑉1 can be 
obtained as: 
?̇?1 = 𝑠1?̇?1 = −𝑠1 (𝑘1𝑠1 + 𝑟1𝑠1
𝑚1
𝑛1⁄ ) (∫ ?̃?𝑥)
𝑝1
𝑞1
−1
+
𝑝1𝑠1
𝛽1𝑞1
(∫ ?̃?𝑥)
𝑝1
𝑞1
−1
[?̇̃?𝑥 − (?̃?𝑦𝑟 + 𝑣𝑦?̃?)] 
(A3) 
when (27a) is satisfied 
if 𝑠1 > 0, 
𝑝1𝑠1
𝛽1𝑞1
[?̇̃?𝑥 − (?̃?𝑦𝑟 + 𝑣𝑦?̃?)] =
𝑝1𝑠1
𝛽1𝑞1
[𝐵𝑦1(𝛿𝑖)∆𝑭𝒔 + 𝐵𝑥1(𝛿𝑖)∆𝑭𝒕] < 𝑠1𝑐1 
?̇?1 < 𝑠1 (−𝑘1𝑠1 − 𝑟1𝑠1
𝑚1
𝑛1⁄ + 𝑐1) (∫ ?̃?𝑥)
𝑝1
𝑞1
−1
< −𝑟1𝑠1
𝑚1
𝑛1⁄ +1 (∫ ?̃?𝑥)
𝑝1
𝑞1
−1
< 0 
(A4a) 
if 𝑠1 < 0, 
𝑝1𝑠1
𝛽1𝑞1
[?̇̃?𝑥 − (?̃?𝑦𝑟 + 𝑣𝑦?̃?)] =
𝑝1𝑠1
𝛽1𝑞1
[𝐵𝑦1(𝛿𝑖)∆𝑭𝒔 + 𝐵𝑥1(𝛿𝑖)∆𝑭𝒕] < −𝑠1𝑐1 
?̇?1 < 𝑠1 (−𝑘1𝑠1 − 𝑟1𝑠1
𝑚1
𝑛1⁄ − 𝑐1) (∫ ?̃?𝑥)
𝑝1
𝑞1
−1
< −𝑟1𝑠1
𝑚1
𝑛1⁄ +1 (∫ ?̃?𝑥)
𝑝1
𝑞1
−1
< 0 
(A4b) 
if 𝑠1 = 0, ?̃?𝑥 → 0. 
When (27a) is satisfied, equation (A4) is obtained and ?̇?1 < 0 is proved. Thus, the 
longitudinal velocity estimation error ?̃?𝑥 will converge to zero ultimately.  
(3) Defined the Lyapunov function as 𝑉2 =
1
2
𝑠2
2, and the time derivative of 𝑉2 can be 
obtained as: 
?̇?2 = 𝑠2?̇?2 = 𝑠2?̇?2
= −𝑠2 (𝑘2𝑠2 + 𝑟2𝑠2
𝑚2
𝑛2⁄ ) (∫ ?̃?𝑦)
𝑝2
𝑞2
−1
+
𝑝2𝑠2
𝛽2𝑞2
(∫ ?̃?𝑦)
𝑝2
𝑞2
−1
[?̇̃?𝑦 + (?̃?𝑥𝑟 + 𝑣𝑥?̃?)] 
(A5) 
When (27b) is satisfied 
if 𝑠2 > 0, 
𝑝2𝑠2
𝛽2𝑞2
[?̇̃?𝑦 + (?̃?𝑥𝑟 + 𝑣𝑥?̃?)] =
𝑝2𝑠2
𝛽2𝑞2
[𝐵𝑦2(𝛿𝑖)∆𝑭𝒔 + 𝐵𝑥2(𝛿𝑖)∆𝑭𝒕] < 𝑠2𝑐2 
?̇?2 < 𝑠2 (−𝑘2𝑠2 − 𝑟2𝑠2
𝑚2
𝑛2⁄ + 𝑐2) (∫ ?̃?𝑦)
𝑝2
𝑞2
−1
< −𝑟2𝑠2
𝑚2
𝑛2⁄ +1 (∫ ?̃?𝑦)
𝑝2
𝑞2
−1
< 0 
(A6a) 
if 𝑠2 > 0, 
𝑝2𝑠2
𝛽2𝑞2
[?̇̃?𝑦 + (?̃?𝑥𝑟 + 𝑣𝑥?̃?)] =
𝑝2𝑠2
𝛽2𝑞2
[𝐵𝑦2(𝛿𝑖)∆𝑭𝒔 + 𝐵𝑥2(𝛿𝑖)∆𝑭𝒕] < −𝑠2𝑐2 
?̇?2 < 𝑠2 (−𝑘2𝑠2 − 𝑟2𝑠2
𝑚2
𝑛2⁄ − 𝑐2) (∫ ?̃?𝑦)
𝑝2
𝑞2
−1
< −𝑟2𝑠2
𝑚2
𝑛2⁄ +1 (∫ ?̃?𝑦)
𝑝2
𝑞2
−1
< 0 
(A6b) 
if 𝑠2 = 0, ?̃?𝑦 → 0. 
When (27b) is satisfied, equation (A6) are obtained and ?̇?2 < 0 is proved. 
Thus, the longitudinal velocity estimation error ?̃?𝑦 will converge to zero ultimately.  
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